
Similar results can be found for area and line integrals using the 
same approach as long as 1 << L. In particular, it is obvious that 

if A = 0(l2) and s b  = O ( l ) .  

NOTATION 

= entrance and exit surface areas of volume Vf 
= interior surfaces of solid volume V, inside V 
= microscopic length scale 
= unit tangent to curve s 
= unit vectors in x and y directions, respectively 
= permeability 
= permeability tensor 
= length scale of averaging volume V 
= length scale of boundary region 
= length scale of macroscopic process 
= tensor defined in text via an integral over A, 
= a linear transformation that maps (v)  into v 
= unit outer normal 
= tensor defined in text via an integral over A, 

mj,rj, 6 ?!?f = vectors and tensors defined in text via line inte- 
’xk grals 

P , ( P )  
S 

V , O  

v, ( v) 
V = averaging volume 
Vf 

= point and average pressure 
= arc length along curve going from 0 to sb 
= characteristic velocity of fluid above and below 

= point and average velocity 

= total fluid volume within V 

boundary region 

VS 
X = point in space 

= total solid volume within V 

Greek Letters 

a 

P 
6, 
l 

II/ 

= dimensionless quantity that depends on the 
structure of the porous medium 

= void volume distribution function 
= Kronecker delta 
= equation of surface above the xz plane 
= porosity 
= a continuous tensor field 
= fluid viscosity (Newtonian) 

@ 

P 
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Effective Diffusion and Conduction in Two- 
Phase Media: a Unified Approach 

A multiscale analysis based on two widely different length scales that exist in 
stagnant two-phase media is carried out to investigate diffusion and conduction 
in periodic and random systems. A variational form of the resulting unit cell 
equations allows one to demonstrate its equivalence to the cell equations of other 
independent approaches, thus unifying these widely different methods. The var- 
iational approach is also shown to facilitate numerical studies and to provide a 
link between random and periodic media by yielding an upper bound for the ef- 
fective diffusivity in random media in terms of the periodic one. 

HSUEH-CHIA CHANG 
Department of Chemical and Nuclear 

Engineerlng 
University of California 

Santa Barbara, CA 93106 

SCOPE 

The need to describe transport phenomena in multiphase 
media with complex geometries in terms of simple “homoge- 
nized” equations with “effective” or “bulk” transport param- 
eters have inspired a surfeit of widely different approaches to 
the problem for both periodic and random media. These ap- 
proaches yield seemingly different methods for deriving the 
effective diffusivity or conductivity tensors. Perhaps because 

of the apparent divergence of these approaches, numerical 
studies and comparisons of theory with experimental data have 
been lacking. This paper aims to unify various approaches for 
periodic media and establish a relationship between the peri- 
odic and random model for heterogeneous media. Numerical 
studies are also performed with the most efficient numerical 
schemes and the results are compared to experimental data. 
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CONCLUSIONS AND SIGNIFICANCE 

Three approaches to effective diffusity in periodic media are 
demonstrated to be equivalent. Of these three, the multiscale 
method is the most general and powerful since it allows local 
diffusivity/conductivity coefficients that are not piecewise 
constant and facilitates numerical studies for arbitrary particle 
geometries. One possible significant application of the first 
advantage is in Brownian movements of large solutes in porous 
media where the Einstein-Stokes relationship stipulates non- 

constant local diffusivities. The introduction of the variational 
form of the local equations also precipitates the versatile finite 
elements method for numerical studies. The extension of the 
multiscale analysis to random media and the derivation of an 
inequality between periodic and random effective diffusivities 
provide an important link between these two extreme views of 
the system. 

The effective transport properties in periodic and random 
two-phase media are of considerable interest in a number of fields. 
Perhaps, because of this, theoretical derivations of the effective 
parameters have also appeared in many forms. The volume-av- 
eraging technique pioneered by Slattery (1972) and Whitaker 
(1973) has been applied to diffusion problems. Numerical values 
for the effective diffusivity in a two-dimensional periodic medium 
with square or rectangular particles have been derived by Ryan 
et al. (1980) using this approach. 

An independent approach by Brenner (1980) for dispersion in 
strictly periodic media using a generalized moment analysis 
technique similar to the Taylor-Aris dispersion analysis (Aris, 1956) 
yields an independent set of unit cell equations. Numerical studies 
of Brenner’s set of equations to obtain the effective diffusivity are 
not available even for the simplest case of pure diffusion in stagnant 
media. 

Yet another independent school exists for the determination of 
thermal conductivity of periodic composite media consisting of 
spherical particles. Rayleigh (1892) was the first to use the dipoles 
(and higher-order multipoles) method to obtain the effective 
conductivity for a simple cubic array. His method has been ex- 
tended (Runge, 1925; Meredith and Tobias, 1960) and modified 
(McPhedran et al., 1978; Perrins et al., 1979; Zuzovski and Brenner, 
1977; Sangani and Acrivos, 1982) to obtain higher order approxi- 
mations to the effective conductivity and/or to overcome mathe- 
matical difficulties in summing nonabsolutely convergent series. 
The mathematical approach of this particular school is referred 
to as the generalized functions approach. An alternative view of 
the problem is provided by Strieder and Aris (1973) who used 
variational methods to obtain an upper bound for the effective 
diffusivity in random media with overlapping spheres. 

In an earlier paper (Chang, 1982), we presented a multiscale 
method based on the functional analysis approach developed by 
Bensoussan et al. (1978). Simple periodic geometries which allow 
analytical solutions of the local equations were considered and 
analytical expressions for the effective diffusivity and conductivity 
are obtained. Our numerical values were found to be consistent 
with those from the volume-averaging approach (Ryan et al., 1980) 
and with experimental data from random media even though the 
method is based on the assumption of a periodic medium. In this 
presentation, we demonstrate that, in the case of diffusion in pe- 
riodic media, the unit cell equations of our multiscale approach 
are identical to those from volume-averaging (Ryan et al., 1980) 
and moment analysis (Brenner, 1980), thus unifying these three 
approaches. The agreement with moment analysis is especially 
gratifying since the two approaches are apparently completely 
different. 

The multiscale technique is, however, not limited to diffusion 
problems. Effective conductivity values are obtained from a var- 
iational form of the unit cell equations for several two- and three- 
dimensional systems. The agreement of numerical results with 
those from the generalized function method (Perrins et al., 1979) 
also suggests the equivalence of these two methods. The numerical 
solutions of the unit cell equation are facilitated by the use of 
variation methods and numerical techniques such as Ritz’s and 

finite elements methods. The finite elements method is especially 
powerful due to its ability to handle irregular particle geometries. 
In the last section of our presentation, the multiscale method is 
extended to random media. Using the variational form of the local 
equations and the periodic solutions as the trial functions, an upper 
bound for the random effective diffusivity is obtained in terms of 
the periodic effective diffusivity. This represents the first link 
between the two extreme views of two-phase media. 

MULTISCALE APPROACH FOR PERIODIC MEDIA 

We consider the following diffusion/conduction equation for 
periodic media 

bu 
bt 
- = v, * a(g)V,u 

where g are the spatial coordinates and a is the periodic diffusivity 
or conductivity. The spatial period of a is small compared to the 
macroscopic scales, viz. 

a ( g )  = a ( g  + cgf )  i = 1,2,3 

where cx_f are the latrice vectors of the unit cell and C, which is the 
ratio of the short scale that is the period of a (or the characteristic 
length of the unit cell) to the global scale, is a small parameter. 

We follow the formal multiscale expansion method (Nayfeh, 
1973) for our analysis. This formal expansion method can be jus- 
tified mathematically using functional analysis (Bensoussan et al.. 
1978). However, the rigorous proofs of convergence of the ex- 
pansion series are omitted here and interested readers are referred 
to Bensoussan et al.’s book. In fact, the derivations from Eqs. 1 to 
13 are reproduced from the same book for easy reference in later 
sections of this presentation and for completeness. 

Defining a strained coordinate, 
1 

(2) y = - g  
c 

Equation 1 is rewritten as 
at4 

at 
- = v, * a(y)V,u (3) 

Proceeding formally with the multiscale analysis by assuming an 
expansion of the form 

(4) 

and replacing V, by 8, + l/cVv in Eq. 3 as stipulated by the 
analysis, one obtains, upon collecting terms of the same order, 

u(t.x.,y) -uo(t.r,g) + w(t,x,y)  + &?(t.x.y) 

LlU0 = 0 (54 

L l U l  = -Lpu, (5b) 
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where T y2 

Equations 5a-c allow a recursive calculation of the various terms, 
ui, in the expansion. However, a necessary condition for the ex- 
pansion to be valid is that the various uf ’s calculated from Eqs. 5 
must be unique (up to an additive function of x_ and t)  and periodic 
with respect to 2. The following theorem by Bensoussan et al. 
(1978) provides these conditions. 

Theorem 1. Let a ( y )  be periodic in y. Then L&) = g(y) has 
a unique periodic solution (up to a constant) if 

n 

where the integral is a volume integral over a unit cell, Y. Applying 
this theorem to Eq. Sa, one concludes that uo is a constant with 
respect to y, uiz. 

Uo = uo(t,x) (7) 

L1u1= -v,a - vruo (8) 

Substituting Eq. 7 into Eq. 5b, one obtains 

which can be solved by defining the vector functions &) such 
that 

Llc$ = -Vya (9) 

(10) 

Then 

u1 = p * v+uo + c(z,t)  

Applying Theorem 1 to Eq. 5c, and substituting Eq. 10, one 
obtains the following macroscopic equation 

pus- - v, . A * v,uo 
dt 

where 

1 
(.) =- J .dY 

Iyl y 

and I Y I is the volume of the unit cell. 
Equation 11 is the desired macroscopic equation and A_ the ef- 

fective diffusivity/conductivity tensor which can be calculated 
if Eq. 9 is solved in a unit cell subjected to the periodic condition. 
Since E is small u,(t,x) represents the leading order approximation 
to the exact solution u and u would converge to uo as c approaches 
zero. This approximate nature of the macroscopic equation, Eq. 
11, to the exact local equation, Eq. 1, is the sacrifice one makes for 
the macroscopic description in Eq. 11. This is true of other ap- 
proaches but the approximations take different forms. In the 
generalized function approach, the spherical particles are ap- 
proximated by dipoles and higher-order multipoles. In moment 
analysis, the exact concentration distribution is characterized by 
the first three moments. In volume averaging, the various orders 
of magnitude arguments used to simplify the equations are again 
approximations. Consequently, it is extremely curious but grati- 
fying that these different approaches yield identical unit cell 
equations as Eq. 9. This will be demonstrated in the next sec- 
tion. 

For the layered structure depicted in Figure l a  where a is 
piecewise constant and takes on the value as on the solid (shaded 
region) and C Y ~  in the fluid, analytical solutions to Eq. 9 is obtained 
(Chang, 1981), 

Flgure I. Unit cell for layered structure (a); unit cell for square structure and 
its approximation (b). 

A i j = O  i # j  (144 

where I) is the void volume fraction (porosity). 
Similarly, if the two-dimensional square unit cell with a circular 

particle depicted in Figure l b  is approximated by a circle, ana- 
lytical solutions for Eq. 9 can be obtained (Chang, 1982). Although 
the circular cell approximation is depicted to be contained in the 
original unit cell, the result is independent of the size of the circular 
(clindrical) cell. This approximation, while unjustified, has tradi- 
tionally been used (Strieder and Aris, 1973; Tal and Sirignano, 
1982). The effective conductivity tensor thus obtained is diagonal 
with identical elements, reflecting the isotropic nature of the unit 
cell, 

where 

P = as/af (16) 

This is exactly the result obtained by Rayleigh (1892) and other 
gene r id  function approach for effective conductivity of a regular 
arrays of cylinders if their expression is truncated at the O(c) term 
where c is the volume fraction (1 - I)). Consequently, the circular 
(cylindrical) cell approximation corresponds to the “dilute” (high 
porosity) limit. 

A similar spherical cell approximation can be made for three 
dimensional cubic unit cells and Eq. 9 can be again solved ana- 
lytically to yield a diagonal A with identical elements, 

The result is again the dilute limit of the generalized function a p  
proach for periodic media and also the dilute limit of randomly 
distributed spherical particle results using methods used by 
Batchelor (1972) and Jefferey (1973). 
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In the case of diffusion (a, = 0), Eq. 25 simplifies to EQUIVALENCE OF DIFFERENT APPROACHES TO DIFFUSION 
PROBLEM 

In this section, we demonstrate that the unit cell equations from 
the volume-averaging method (Ryan et al., 1980) and moment 
analysis (Brenner, 1980) are identical to Eqs. 9 and 12. First of all, 
one notes that Q. 9 is valid for the entire unit cell, including both 
fluid and solid phases, and the volume average, (-), in Eq. 12 is 
carried out in the entire cell, Y. In the analysis of both Ryan et al. 
(1980) and Brenner (1980), only the diffusion problem is considered 
(a, = 0) and volume integrals are over the fluid phase, Yf, only. 
The fluid-solid interphase is denoted r and the unit-cell boundary 
by. These regions and boundaries are depicted in Figure Ib for 
the case of a circular particle in a square unit cell (simple array of 
cylinders). 

In these notations, the unit cell equations from volumeaveraging 
(Ryan et a]., 1980) are, 

v g = o  Yf (184 

21.vyf=-21 r (18b) 

To demonstrate that Eqs. 18a-c are equivalent to Eqs. 9 and 12, 
we first prove that the solution of Eq. 9, @ j  (the jth element of d), 
corresponds to the function that minimizes the following func- 
tional 

Consider the following trial function, 

uj = 4j + uj (20) 

where uj is a periodic variation on any periodic function. 
Substituting Eq. 20 into Eq. 19, 

F(uj)  = Fo(4j) + F 1 ( 4 j ~ ~ j )  + F2("j) (21) 

where F1 contains linear in uj and F2 contains higher order terms 
in uj, 

= (vy * ujavy4j - u j v ,  aVy$j  - uj -) da (22) 

dYf 

Using the divergence theorem on Eq. 22, 

(23) 

Since ujaV,q+ is periodic on the boundaries of the unit cell, the 
first term on the right hand side of Eq. 23 vanishes. The variation 
uj is arbitrary, thus F l  vanishes, indicating F(uj)  exhibits an ex- 
tremum at + j ,  if Eq. 9 holds everywhere in Y. Consequently, 
solving Eq. 9 is equivalent to finding the minimum to the func- 
tional in Eq. 19. (The extremum is a minimum since F2(uj) = 
( a / 2 V y u j ~ V y u j ~  is positive-definite.) 

We now modify Eq. 19 slightly by introducing the following 
identities 

where the divergence theorem and the periodicity of avj on dY 
have been invoked. Substituting Eq. 24 into Eq. 19, one obtains the 
following functional, 

(25) 

In subsequent analysis, we will use this variational form of the cell 
equation (Eq. 25) instead of Eq. 9. 

where 
(-)f =-J-,.dY 1 

IYf I 
is the fluid-phase volume average. 

Consequently, Eq. 22 becomes, after invoking Eq. 24, 

(28) 
Applying the divergence theorem to the first and third terms of 
Eq. 28, we now have contributions from two boundaries sur- 
rounding Yf, bY and r. The d Y  terms vanish due to periodicity 
and one is left with 

Fz = q$ { - ( ~ j V ; 4 j l ) r  

where 6 j  is a vector containing zeroes except the jth element which 
is unity. Since uj is arbitrary, Eq. 29 is true if 

V 2 , d = O  Yf (304 

which are simply Eqs. 18a and 18b. Finally, setting a, to zero in 
Eq. 12, one obtains, 

where divergence theorem and periodicity condition on dY is again 
invoked. 

Comparing Eq. 31 with Eq. 18c, and realizing the equivalence 
of Eqs. 30a and b with Eqs. 18a and b, one concludes, 

where the factor $ is simply due to the choice of region over which 
volume integral is carried out. We have thus demonstrated the 
equivalence of the multiscale unit cell equations from volume 
averaging. 

A moment analysis approach by Brenner (1980) yields the fol- 
lowing cell equation for the case of diffusion without flow 

where 

S = B + y + constant (34) 

One immediately recognizes the correspondence between Eqs. 33a 
and b and Eqs. 18a and b. To equate and g, we substitute Eq. 
34 into Eq. 33c and obtain 

g = a f [ ( o y 8  * V,&f - 2 ( V , i ) f  + 11 

where divergence theorem and periodicity of B on d Y  have been 
invoked. 

To further simplify Eq. 35, we recall the following tensor 
identity; 

(36) 
1 
2 

ljv; B = - v p  - vyB * 0,lj 
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Invoking Eq. 33a cancels the left hand side of Eq. 36, one ob- 
tains 

Taking the fluid phase volume average of Eq. 37 and applying the 
divergence theorem and periodicity conditions to the right hand 
side, one obtains 

Combining Eqs. 38,33b and 35, one obtains 

Setting @ = -1, completes the proof of the equivalence between 
Eqs. 18 and 33. Consequently, the results from these widely dif- 
ferent approaches are identical! 

In spite of the equivalence of the unit cell equation for these 
three methods, the multiscale approach has definite advantages 
over the others. The multiscale results are mathematically justified 
(Bensoussan et al., 1978) whereas the mathematical validity of the 
theorem for the local volume average of a gradient (Slattery, 1972), 
which is a key step in the volume-averaging method, has recently 
been questioned by Veverka (1981). The moment analysis ap- 
proach, on the other hand, is limited to diffusion problems whereas 
Eq. 25 is valid for conduction problems and even problems in 
which (Y is not piecewise constant. Furthermore, the generalized 
function approach, which will be compared in the next section, is 
limited to spherical particles while Eq. 25 is again valid for any 
geometry. This generality of Eq. 25 is discussed in the next section 
with the introduction of numerical methods which must be suitable 
for the variational form of Eq. 25 

NUMERICAL STUDIES 

The only numerical studies of the unit cell equations in the lit- 
erature are for diffusion in simple arrays of square particles using 
Eqs. 18 (Ryan et al., 1980), and the various studies on conduction 
in different arrays of cylinders and spheres using the generalized 
functions approach (McPhedran et a]., 1978; Perrins et al., 1979; 
Sangani and Acrivos, 1982). The present study, in light of the results 
in the previous section, has three purposes. The advantage of the 
variational form of Eq. 25 is shown by appropriate numerical 
methods superior to the previous finite difference methods (Ryan 
et al., 1980). Secondly, a finite elements method is introduced, again 
utilizing the variational equation, for irregular particle geometries. 
Finally, numerical results are compared to those from the gener- 
alized function approach, which is only valid for spherical particles, 
for the final unification of all the different approaches and to ex- 
perimental data for verification of the theory. 

Let the function v j  in Eq. 25 be approximated by a truncated 
expansion in a complete set of trial functions ( N r ) ,  

vj = @ . a  (40) 

Since Nl's are known, the task of finding the minimum of F with 
respect to vf becomes minimizing with respect to al. Substituting 
Eq. 40 into 25 and differentiating with respect to a{. 

Equation 41 is a set of linear equations for and can be expressed 
as 

& + P = O  (42) 

~ 

0 0.2 0.4 0.6 0.8 1.0 
JI 

Flgure 2. Comparlson of numerlcal results for periodic square cylinders and 
cubes with conductivity data for random media (0 = 8). 

Thus, the optimal coefficients, a_*, which minimizes F are 
simply 

a* = -K_-'p - (44) 

which yields a truncated expansion for 4j which can in turn be 
substituted into Eq. 12 to yield Aij. If the trial functions are periodic 
orthonormal eigenfunctions in Y (such that the periodic conditions 
are satisfied), the above method is simply the Ritz's method. If the 
trial functions are defined only over a certain portion of Y (call an 
element), this is known as the finite elements method (Finlayson, 
1980) and K and are obtained by summing over all elements. 

Using thztrial functions, 

Nlm = coslny, cosrnnyz (45) 

:* p 
CUBIC MODEL 

SQUARE MODEL - 

JI 
Figure 3. Comparlson of numerical results for perlodic square cylinders and 

cubes with conductivity data for random media (@ = 160). 
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Yl 
Figure 4. Elements and nodes used in the finite elements scheme (# = 

0.503). 

0.2 

- All 

QS 

0.1 

0,  

for square unit cells with square particles and the trial functions 

(46) 
for cubic particles contained in cubic unit cells, the effective dif- 
fusivity and conductivity tensor are solved for both cases. The 
diffusivity result is numerically indistinguishable from the cylin- 
drical and spherical cell approximations. Eqs. 15 and 17, which are 
presented in an earlier paper (Chang, 1982). The conductivity 
results, on the other hand, are higher than the cell approximations, 
Figures 2 and 3, for two different values of p. Overlapped on these 
curves for comparison are Krixhen and Kdl’s (1956) experimental 
data for nonperiodic media. There exist no experimental data on 
periodic arrays of square cylinders and cubes. 

The finite elements method is especially useful for irregular 
particle geometries. We demonstrate this by treating the case of 
conduction in simple cylindrical arrays. Due to the symmetries of 
the geometry, only the first quadrant of Figure Ib needs to be 
considered and A is again a diagonal matrix with identical ele- 
ments. This region is divided into 162 triangular elements, Figure 
4, for a particle of radius 0.8. For each void fraction, new elements 
are constructed such that the density is high near the solid-fluid 

Nlmn + cosZrIy1 cosmnyz cosnny3 

I I I I 

p= lSO 
c 

- 

I I 1 I 

+ 
Figure 5. Numerical results for simple periodic arrays ot cyilnders (B = 0) and 

experimental data of Mashovets (1951). 

160) 

interphase where q5j exhibits the sharpest behaviors. The results 
are shown for /3 = 0 and /3 = 160 in Figures 5 and 6. These curves 
agree well with the experimental results of Mashovet (1951) and 
Perrins et al. (1979) for simple arrays of cylinders. The numerical 
values are also in complete agreement with those from the gener- 
alized function approach (Perrins et al., 1979). This finalizes the 
unification of four independent approaches for effective diffusion 
and conduction in periodic media. 

RANDOM MEDIA 

The multixale analysis for periodic media can also be extended 
to random media. The conductivity, a, in Eq. 1 will now be re- 
placed by a, to indicate that it is now a stochastic function of y due 
to the randomness. The entire analysis from Eq. 2 to Eq. 6 are still 
valid upon substitution of a, for a. We now let Q be a large domain 
in the y-space and define the volume average to be 

For the expansion, Eq. 4, to be valid, ui and its derivatives must 
be bounded in the infinitely large domain Q. Since the ui’s are 
determined from Eqs. 6, the following theorem, analogous to 
Theorem 1, delineates a direct result of the validity of the expan- 
sion. 

Theorem 2. If Llu = g(y) where u and its derivatives are re- 
quired to be bounded in Q, (g(y))a = 0 
Proof: 

LlvdQ = J, 24 - a,Vyu (Divergence Theorem) 

Thus, 

4 1 ~ 1 - 1 / 3 )  ( a,Vyu bounded) 
= O  

Theorem 2 is, of course, analogous to Theorem 1; thus, all sub- 
sequent derivations (Eqs. 7-23) are identical except that the volume 
integrals are now carried out over the finite domain Q. Conse- 
quently, the minimum of the functional in Eq. 19 is over the infi- 
nite domain with the stochastic a,, We now derive an equation 
analogous to Eq. 25 by noting that 

(47) 
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since arq remains finite in Q. Substituting into Eq. 19, one obtains 
the following functional 

Let 6; be the function that minimizes Eq. 48 and upon substitution 
of 6; into F, and invoking the analogous equation to Eq. 12, one 
obtains 

Since the first term on the righthand side is positive-definite and 
Fr(# is the minimum of Fr(uj), 

Ajj (Fr(VyUj) + ( a ) ~  (50) 

where F, is denoted as a function of Vyuj rather than vj as evi- 
denced in Eq. 48. The choice of trial functions for Vyvj will then 
set an upper bounds for Af j  of a random media. We choose the 
periodic solutions to Eq. 25,4f as the trial functions to investigate 
the relationship between the two media. 

In particular, we choose the case of spheres (circles) in a cubic 
(square) unit cell from the periodic studies. 
Let 

where 

and gk is the center of sphere (circle) k in the random media. The 
function H(&) is a Heaviside function which is zero outside the 
cube (square) with zJk as its center and unity within. Furthermore, 
if 

one can further minimize the upper bound (uiz., the lowest upper 
bound for V$) with respect to A. Substituting Eq. 52 into Eq. 48, 
minimizing with respect to X and substituting the resulting ex- 
pression for X into F,, one concludes 

I,. - a"\" 
(53) 

Since the last term is positive-definite, a preliminary conclusion 
is that Ajj of a random media is always smaller than the volume- 
averaged a. We can, however, improve this result by considering 
the trial functions from periodic spheres (cylinders) in Eq. 51. We 
will restrict ourselves to the pure diffusion case (a, = 0). 
From Eq. 51a, 

where 

(55) 

If one considers the random media to be a random collection of 
freely overlapping spheres (circles) of radius a, the probability that 
a randomly selected point is in the void region is just the void 
fraction 9 (Strieder and Aris, 1970). Thus, Eq. 54 becomes 

where Qa = Q/Y,  is the domain Q with the sphere (circle) removed 
such that no sphere can be at a distance less than a from the point. 
The quantity n is the average density of center. Since H ( p )  vanishes 
outside the unit cell Y, the volume integral can be simply taken over 
by Yf = Y/Y,. The quantity n is the average density of sphere 
centers. If corresponding periodic media are required to have the 
same average density, 

1 n=- 
IYI 

(57) 

Combining Eqs. 54-57 and utilizing the fact that a vanishes inside 
the particle of the unit cell, one obtains 

Note that the righthand side of Eq. 58 refers strictly to the periodic 
solution +f,  and the integration is over a unit cell with periodic a. 
These are direct result of the choice of trial functions and the sta- 
tistical properties of random media utilized in deriving Eq. 56. 

Similarly, the following identity can also be shown (Strieder and 
Aris, 1970) 

We now return to the functional for periodic media, Eq. 25. Since 
4j minimizes this functional, setting, of as X4+ in Eq. 25 and 
minimizing X must yield the result that X = 1 at this minimum. 
Carrying out the substitution, taking the derivative with respect 
to X and equating X to unity after solving for it, one obtains 

Substituting Eqs. 58,60 and 61 into Eq. 53 yields 

I N  *\ 
For a unit cell with spherical (circular) particles, the symmetry 
stipulates that daj/dyi vanishes for i z j (A is diagonal). Substi- 
tuting this into Eq. 62, one obtains 

where the volume integral of a is now carried out over Y rather 
than Q. Since the two media have identical porosity, this is per- 
missible. However, from Eq. 12 

(64) 

for periodic media. 
Substituting Eq. 64 into Eq. 63, one obtains the following in- 

equality relating Ail, the diffusivity for random media, to All, the 
corresponding value for periodic media 

(65) 

In Figure 7, the data for random media (Satterfield and Sher- 
wood, 1963) are compared to Eq. 65 with the values for simple 
arrays of cylinders substituted for Ajj. The data lie below the upper 
bound as expected. Although the above result is derived for a bed 
of uniform spheres, the same result is obtained when the medium 

1 'yf 2 I 1 + 9 - A , , / q  
4<$ 2 + P--Ai j / f f f  
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Figure 7. Theoretical upper bound for random effective dlffuslvky and ex- 
perimental data. 

contains overlapping spheres of several sizes since the medium is 
then a superposition of many independent media with uniform 
spheres of different radii. 

NOTATION 

A = diffusivity/conductivity tensor 
I = identity matrix 
n = average density of sphere (circle) centers in random media 
n_ = unit normal pointing away from the domain of interest 
0 = order , 

x = macroscopic coordinates 
y = microscopic coordinates 
Y = unit cell 
Yf = fluid region in unit cell 
Y, = solid region in unit cell 
t =t ime 
u = concentration or temperature 

I 

Greek Letters 

a! = local diffusivity/conductivity 

a = boundary of 
6 = ratio of microscopic length scale to macroscopic one 
r = solid-fluid interphase 
J /  = porosity (void volume fraction), trial function 
Q = infinite domain for random media 

P = a*Iaf 

Subscripts/Superscripts 

f = fluid phase 

s =solid phase 
r = random media 
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